Abstract. We determine conformal symmetry classes for the pp-wave spacetimes. This refines the isometry classification scheme given by Sippel and Goenner (1986 Gen. Rel. Grav. 18 1229). It is shown that every conformal Killing vector for the null fluid type N pp-wave spacetimes is a conformal Ricci collineation. The maximum number of proper non-special conformal Killing vectors in a type N pp-wave spacetime is shown to be three, and we determine the form of a particular set of type N pp-wave spacetimes admitting such conformal Killing vectors. We determine the conformal symmetries of each type N isometry class of Sippel and Goenner and present new isometry classes.
Introduction
We define a pp-wave spacetime M to be a non-flat spacetime which admits a covariantly constant, nowhere zero, null bivector. This is equivalent to M admitting a global, covariantly constant, nowhere zero, null vector and either (i) M having Weyl tensor of Petrov type N or O at each p ∈ M, or (ii) M having Ricci tensor either zero or Segre type {(211)} with zero eigenvalue at each p ∈ M [1] . We note that in [2] a pp-wave is defined to be a spacetime admitting only a global, covariantly constant, nowhere zero, null vector. In the following we shall use the notation x a ≡ (u, v, y, z) ≡ (u, v, x A ) where a = 0, 1, 2, 3 and A = 2, 3. The notation A ⊃ B means B is a subalgebra of A. The line element for the pp-wave spacetime can be written [3] 
and the null covariantly constant vector k is necessarily a Killing vector and has the form
Sippel and Goenner [4] give the form of the Riemann, Weyl and Ricci tensors for the pp-wave spacetime, the latter being R ab = F k a k b where F = H ,yy + H ,zz . Ehlers and Kundt [3] give the form of the covariantly constant null bivector. If the Weyl tensor is nowhere zero then R abcd k d = 0 and k is a repeated principal null direction of the Weyl tensor [1] . The spacetime (1) is vacuum if H ,yy + H ,zz = 0 and conformally flat if H ,yy = H ,zz and H ,yz = 0. Further, if the metric function can be put in the form 2H = A(u)y 2 + 2B(u)yz + C(u)z 2 ,
then the spacetime is referred to as a plane wave spacetime. Let M be a four-dimensional spacetime manifold with metric tensor g of Lorentz signature. Any vector field Y which satisfies
is said to be a conformal Killing vector (CKV) of g. The set of all CKV (respectively, SCKV, HKV and KV) form a finite-dimensional Lie algebra denoted by C (respectively, S, H and G). The maximum dimension of the algebra of CKV on M is 15 and this is achieved if M is conformally flat. If the spacetime is not conformally flat, then the maximum dimension is seven [5] , and this occurs for special type N models [5] , [6] . The spacetimes in question are necessarily conformally related to a plane wave spacetime, which in turn is necessarily conformally related to the vacuum plane wave spacetime [1] . To be specific, a type N spacetime with a seven-dimensional conformal algebra is conformally related to a plane wave spacetime with H 7 . Further, a type N spacetime with a six-dimensional conformal algebra is conformally related to one of two special pp-wave spacetimes. By the Defrise-Carter theorem [6, 5] the spacetime is conformally reducible to either a type N plane wave with an H 6 or a non-plane wave type N spacetime with a G 6 . There is only one type N spacetime with a G 6 (metric (12.6) in [2] ) and it takes the form
However, this spacetime is conformally related to a particular type of pp-wave with an S 6 ⊃ H 5 , i.e., class Biv of section 2. In this paper we investigate the conformal symmetry properties of the entire class of pp-wave spacetimes. We determine the Lie algebra structures, which are unaffected by a conformal rescaling of the metric. Ehlers and Kundt [3] determined the isometry classes of pp-wave spacetimes satisfying the vacuum field equations, Sippel and Goenner [4] determined the general form for the KV of a general pp-wave spacetime (i.e., without the vacuum restriction) and generalized the classification in [3] to include non-vacuum pp-wave spacetimes. Maartens and Maharaj [7] determined the general form for the CKV of a pp-wave spacetime and, in particular, give expressions for the HKV and SCKV in such spacetimes. They also give examples of non-special CKV. Note the difference in signature of the metrics and sign difference in the definition of H in [4] and [7] . Hall et al [8] determined the CKV for the general conformally flat pp-wave spacetime. The conformal symmetries of the class of non-twisting type N vacuum solutions (with and without a cosmological constant) are listed in [9] , see also [10] . Siklos [11] determines the KVs of the Lobatchevski plane wave spacetimes, which are conformally related to certain pp-wave spacetimes. Aichelburg and Balasin [12] determine the KV of ppwave spacetimes with distributional profiles, and in [13] determine a set of generalized symmetries for such spacetimes.
The conformal symmetries of the type O pp-wave spacetimes can be dealt with in a straightforward manner. We can represent any such spacetime in a conformally flat coordinate system: Consider Minkowski spacetime in coordinates ds 2 = −2dudv + dy 2 + dz 2 , then
is, from theorem 3 of section 4 (see also [14] ), a plane wave spacetime with line element
The conformal algebra is simply the standard so(4, 2) conformal algebra of Minkowski spacetime.
It remains for us to consider the conformal symmetry properties of the type N ppwave spacetimes. Only vacuum and null fluid spacetimes are possible, and the following statements are useful. The field equations for a null fluid are (cosmological constant Λ = 0)
where F is a non-zero function on M, k a k a = 0 and so R = R a a = 0. We shall make use of the following theorem. Theorem 1. Every CKV in a non-conformally flat null fluid spacetime with Ricci tensor (6) , k being one of the principal null directions of the Weyl tensor, is a conformal Ricci collineation and ψ ;ab is proportional to k a k b .
where ψ = g ab ψ ;ab . Equation (8) then gives ψ = 0 and then (7) gives L Y R ab = −2ψ ;ab . It follows that ψ ;ab = −η F k a k b .
Maartens and Maharaj [7] give the general form for the CKV of a general (type N or type O) non-flat pp-wave spacetime as (here and throughout a prime denotes differentiation with respect to u)
and the conformal scalar ψ and ψ ;ab as
where γ ABCD = δ AB δ CD /2 − ǫ AC ǫ BD , µ is a constant, a, b, c, a A , c A and F are functions and the following conditions are satisfied (equations (16) and (17) in [7] )
Extra conditions are imposed on H by the integrability conditions F ,23 = F ,32 and F ,uA = F ,Au , which are equations (36) and (37) in [7] . Note that 4ψ = Y a ;a = Y a ,a for a pp-wave spacetime. The general form for the SCKV in the pp-wave spacetime is given by [7] 
where
with corresponding functions a(u) = ρu 2 + αu + β and ψ = ρu + φ, where ρ, α, β, γ and φ are constants. In [7] it is stated that λ(u) can be replaced by a constant using equation (10) of [7] , however we have found examples where this is not the case e.g., the HKV (98) in section 3. Note that the most general form for an HKV is given by φZ + X and the most general form for a KV is given by X. However, if a spacetime admits an SCKV given by (13), this does not necessarily mean that the vector field φZ + X is an HKV or that the vector field X is a KV. For a general spacetime, dim H is at most one greater than dim G and for an arbitrary non-flat spacetime dim S is at most one greater than dim H [16] .
We aim to give a classification of the pp-wave spacetimes according to their conformal symmetries. This is greatly simplified by the fact that the Petrov type is N or O. Further simplification is allowed by the fact that the energy momentum tensor is either zero or that of a null fluid spacetime, in the former case only SCKV are possible (from equations (7) and (8)) and in the latter we make use of theorem 1 above. In section 2 it is shown that the form of the general CKV in a type N pp-wave spacetime can be restricted further than shown in [7] . The maximum number of non-special CKVs in a type N pp-wave spacetime is shown to be three. In section 2 we examine a particular class of such spacetimes which admit three non-special CKVs. Further, we identify additional isometry classes, not appearing in [4] . In section 3 we determine the form of the general CKV in each of the classes 1 -14 of [4] and attempt to enumerate all possible Lie algebra structures. Some new isometry classes are introduced. It transpires that none of the Sippel and Goenner spacetime classes, except those in class 10 (which admits an H 6 ) and its specializations (which admit an H 6 subalgebra), automatically admits any further CKV. However, further CKV are admitted in certain cases when the functional form of H is further restricted. Isometry classes 5-14 are resolved completely. However, classes 1-4 prove to be troublesome on account of the fact that the condition (22) leads to partial differential equations in general. In section 4 we present a set of conformally related pp-wave spacetimes and determine their conformal symmetries.
CKV for type N pp-wave spacetimes
Let us now specialize to the type N spacetimes. It follows from theorem 1 that for an arbitrary CKV in a type N null fluid pp-wave spacetime, ψ ;ab is always proportional to k a k b . (Of course, for the vacuum spacetimes ψ ;ab is identically zero.) Thus the last bracketed term appearing in equation (10) is zero for all CKV, that is,
Since we only wish to consider non-flat pp-wave spacetimes then we must have µ = 0 and a ′′ A (u) = 0 [7] . Equations (33) and (36) of [7] then force a A (u) = 0, a ′′ (u) = 2b ′ (u) and c ′ (u) = 0. Thus
where Θ is a constant and c = γ is a constant. Then the components of the CKV have the form
where E is a function of u and the conformal scalar ψ is a function of u only
Further
Equation (11) is satisfied identically by (19) and equation (12) becomes
Further, the integrability conditions F ,23 = F ,32 and F ,uA = F ,Au are satisfied identically. Note that for SCKV, the constant φ in equation (13) is given by φ = (α − Θ)/2.
For the moment, let us convert to polar coordinates y = r cos θ and z = r sin θ. The metric (1) becomes
and, relabelling c y (u), c z (u) as c 2 (u), c 3 (u), respectively, the CKV (19) becomes
Equation (22) becomes
Each CKV, Y , is characterized by a set of four functions of u and two constants, i.e., (a(u), c A (u), E(u), γ, Θ) and, once H has been chosen, the differential equation (25) governs their behaviour. Fixing the function H fixes L and M but not N, in which case the lhs of the differential equation is known completely. N depends on c A (u), E(u), γ and Θ. Note that the lhs will only depend upon θ if the function H depends on θ and that if H is independent of θ then c A (u) = 0. In general, equation (25) will separate into equations for each of u, r and θ. In fact, the maximum number of non-special CKV admitted by a pp-wave spacetime can be deduced from (25). In order for the spacetime to admit at least one non-special CKV the condition a ′′′ (u) = 0 must be satisfied. For one particular choice of H and the parameters (c A (u), E(u), γ, Θ) one can have at most three independent non-special CKV. In such a case one might ask if there can be any further independent non-special CKV. The answer is in the negative because the parameters (a(u), c A (u), E(u), γ, Θ) appear linearly in the CKV Y , that is, if there were any further such CKV one could find a linear combination of all these CKV providing a new set of parameters (c A (u),Ē(u),γ,Θ) for which the corresponding third order ordinary differential equation forā(u) would necessarily have more than three independent solutions. Note that, if L, M and N are functions of u only, equation (25) admits three independent solutions so that the spacetime can admit the maximum number of three non-special CKV. If L, M and N are not all functions of u only, it is not clear in general whether it is possible for the spacetime to admit three non-special CKV. However, although not immediately apparent, there are some examples which for which L, M and N are functions of u and r and admit three non-special CKV. We shall discuss these shortly. To find solutions admitting the maximum number of non-special CKV we put L = µ(u), M = ν(u) and N = η(u). Equation (25) separates to give
and E ′ (u) = 0, η(u) = 0, where 4τ ′ (u) = ν(u), and δ(θ) = 0, otherwise the spacetime is type O. Four possible classes of solutions arise from equations (27) -(30), namely
, where l = 0, ρ and σ are constants (not both zero),
We note that in classes A, C and D above we can simply add an arbitrary function of u to H in (27), i.e., H → H + f (u) to obtain examples where L, M and N are functions of u and r and admit three non-special CKV. However, such a function of u can always be transformed away by a suitable coordinate transformation and we shall say no more about them here.
There are specializations of the above classes A − D in which one or more of the CKV degenerates into a proper SCKV, proper HKV or KV. The possible specializations are listed in table 1. Consider the case in which such a degeneration occurs. Then from equation (21), there must be at least one solution for which a ′′′ (u) = 0, i.e.,
where ρ, α, β are constants. This gives rise to two possibilities. Either τ (u) = 0, in which case ρ, α, β are arbitrary giving rise to a proper SCKV, proper HKV and KV, or τ (u) = 0, so that, from equation (26) τ (u) = c(ρu
where c is a non-zero constant. This implies that ρ, α, β are fixed constants, since they appear in the spacetime metric, so there is only one SCKV which will be a proper SCKV if ρ = 0 or a HKV or KV (depending on the value of Θ) if ρ = 0. The two remaining CKV will both be non-special as can be seen by substituting for τ (u) given by (32) into equation (26), which becomes
Apart from the solution given by (31), this equation admits two further solutions each of which satisfies a ′′′ (u) = 0, namely 
where Φ = (ρu 2 + αu + β) −1 du and the constant ω is related to the constants ρ, α, β, c by
The positive (negative) sign corresponds to the trigonometric (hyperbolic) functions. Labelling the three solutions for a(u) as a i (u), i = 1, 2, 3, the three corresponding CKV are given by
The Lie brackets for these CKV are
Apart from these CKV and the KV k, classes A, B and C above will admit additional proper SCKV, proper HKV or KV corrsponding to the non-zero values of γ, Θ and c A (u). However, class D admits no additional symmetries.
As examples of the cases described in table 1, consider the case when a(u) = u n . If n = 2, 1 or 0 then a ′′′ (u) = 0 and the CKV given by equation (36) is, respectively, a proper SCKV, a proper HKV and a KV. For all values of n other than n = 1, equation (26) leads to
where ω is constant and the three solutions for a(u) are
In general these a i (u) will lead to three non-special CKV. However, when n = 2, i.e.,
we have an example of case (i), i.e. the SCKV
together with two non-special CKV given by equations (36) and (38) or (39) with n = 2. 
When n = 0, i.e.,
we have an example of case (iii), i.e., the KV
together with two non-special CKV given by
where ω is a constant. There are three possibilities:
The quantities l, β, ζ and σ are constants. We now consider the conformal symmetries of classes A -D. (See also table 2.)
. This is an example of an isometry class 1 solution. Apart from the three CKV (36) and the KV k, the spacetime admits the HKV
and so the spacetime admits a C 5 ⊃ H 2 . As an example consider the case in which τ (u) is given by (37) (n = 0, 1, 2) for which the three CKV are all non-special. The remaining Lie brackets are
There are cases in which a second KV arises. First, if τ (u) is given by (42), there is the additional KV X 2 = ∂ u , corresponding to isometry class 4 with ǫ = 0, and the spacetime admits a C 5 ⊃ H 3 . Second, with (44) then we have the KV
The coordinate transformations s = r sin(φ − θ), t = r cos(φ − θ) with φ = −(ln |u|)/m put the metric function H into the form
so that the spacetime is of isometry class 3 and admits a C 5 ⊃ H 3 .
Class B.
. This spacetime admits a C 6 ⊃ G 3 with basis consisting of the three CKV (36), the KV k and the following two KVs. If f I , I = 1, 2, are two independent solutions of (30) then the two KVs are
and we have the Lie brackets
is a nonzero constant, m = 0 implies the two KV are not independent. This is an example of an isometry class 1 solution. However, it admits a G 3 subalgebra which is distinct from any of the G 3 isometry classes of [4] . However, it is isomorphic to the class 1i algebra.
As an example consider the case (40) with ω = q 2 /8. The solutions for a(u) are
and the solutions f I , of equation (25) are
The CKV corresponding to a 1 (u) is the SCKV (41) while a 2 (u) and a 3 (u) correspond to non-special CKV. The Lie brackets are
Since this class of spacetime admits a C 6 it must be conformally related to either Biv or one of the plane wave spacetimes of isometry class 10 in section 3. Note that if τ (u) = q is constant, one of the non-special CKV degenerates into the KV X 3 = ∂ u , so that the spacetime admits a C 6 ⊃ G 4 . The Lie brackets are
This is an example of a class 1 specialization admitting a G 3 subalgebra which is distinct from any in [4] . However, this subalgebra is isomorphic to isometry class 1i.
, where δ is a constant. This spacetime admits a C 5 ⊃ G 2 and is an example of an isometry class 2 solution. The three CKV are as in (36) and there is a G 2 subalgebra given by the commuting KVs k and ∂ θ .
Consider the example (44). In each of the cases (a), (b) and (c) the β term corresponds to the HKV
while the ζ and σ terms correspond to non-special CKV (provided that in (a) l = ±1). Thus the spacetime with H = δr −2 + ωu −2 r 2 where δ and ω are non-zero constants, admits a C 5 , a basis for which is provided by k, X 2 , Z, non-special CKVs C 1 , C 2 given by Solution (a)
and Lie brackets
Solution (b)
Solution (c)
where φ = l ln |u| and Lie brackets
Note that in the special case in which τ is constant in equation (26), the spacetime admits a C 5 ⊃ G 3 and is an example of an isometry class 6 solution which admits two proper CKV. This case will be discussed in the next section.
, where δ(θ) is an arbitrary function of θ which differs from those appearing in classes A, B and C. This spacetime admits only the KV k and the three CKV given by equation (36), one of which may degenerate into a SCKV depending on the function τ (u).
We now consider in detail the spacetimes of type iv in Table 1 , i.e., those for which τ (u) = 0 so that H = δ(θ)r −2 . Spacetimes of this type only admit SCKV. In each of the four classes Aiv − Div the spacetimes admit the KV k together with a second KV X 2 , a proper HKV Z and a proper SCKV S given by
with Lie brackets
X 2 , Z and S form a so(2, 1) subalgebra. For a class Div spacetime, these are the only conformal symmetries admitted, i.e., it admits a S 4 ⊃ H 3 ⊃ G 2 , but the other classes admit additional KVs. Each of the spacetimes A − D are conformally related to their counterpart spacetime Aiv − Div respectively via the transformation (138) given in section 4. Further, each of the spacetimes A − D will possess the so(2, 1) subalgebra structure formed by
. This is an example of an isometry class 7 solution. This spacetime admits the S 5 ⊃ H 4 ⊃ G 3 consisting of k, X 2 , Z, S and a third KV, X 3 given by
and the additional Lie brackets are
where m and n are constants. The spacetime admits the S 6 ⊃ H 5 ⊃ G 4 consisting of the k, X 2 , Z S, and two additional KVs given by
The additional Lie brackets are
This spacetime is a class 8(ǫ = 0) specialization and is conformally related to the type N with a G 6 in equation (5). Class Civ. H = δr −2 , where δ is a constant. This is an example of an isometry class 6 solution. This spacetime admits the S 5 ⊃ H 4 ⊃ G 3 consisting of k, X 2 , Z, S and the KV X 3 = ∂ θ . The additional Lie brackets are 
Conformal symmetries for the type N isometry classes
We now consider each of the isometry classes of Sippel and Goenner [4] in order to determine whether they admit any further conformal symmetries. We have obtained most of the following without specializing to vacuum. However, we have found that specializing to vacuum only provides a few additional metrics, namely isometry class 2 specializations. The results are summarized in tables 3 and 4.
Isometry class 1
This is the general case which admits only the KV k. However, there are specializations admitting additional conformal symmetries, e.g., classes A and D belong to isometry class 1. Further, in section 4 we present examples of this class admitting H 2 , S 2 and S 3 . In the vacuum case there can be at most an S 3 , which has at most an H 2 subalgebra.
Isometry class 1i
In this class H is independent of one of the spatial coordinates, i.e., H = H(u, z). The condition (22), and exclusion of type O, gives γ = c ′′ y (u) = a ′′′ (u) = 0 and
where ρ, α and β are arbitrary constants. If H(u, z) is an arbitrary function then it follows immediately from the above that the only CKV which can occur are k and
Thus we have a G 3 with Lie brackets
Isometry class 2
In this case the function H has the form H = H(u, r). The condition (22), and exclusion of type O, gives c A (u) = 0 and
In this case the CKV (24) has the form
If H is an arbitrary function then it follows immediately from (53) that the only CKV which occur are the two KV already listed in [4] , i.e., k and
Since X 2 is a KV we may put γ = 0. The partial differential equation is too difficult to solve in general. This class of ppwave spacetime has axial symmetry and Barnes [17] has determined restrictions on the structure constants of two-, three-and four-dimensional Lie algebras possessing a onedimensional cyclic Lie subalgebra. However, we have seen that there are specializations, given in class C of section 2, which admit two or three proper CKV and further specializations admitting one non-special CKV, one SCKV, or one HKV are found in section 4.
Solutions of the form H = m(u) r p +n(u) r q can be found, where p = q are constants. Substituting into equation (53) gives
One of p, q must equal 2 in order to avoid a ′′′ (u) = 0; choose q = 2 and assume p = 0 and p = 2 (otherwise type O). Then equating coefficients of powers of r we have E ′ (u) = 0 and
If Θ = 0 and p = −2 then (56) implies m is constant and equation (57) then yields three independent solutions for a(u) all of which may be proper CKV. This is class C considered earlier. However, for arbitrary values of p and Θ and for fixed non-zero functions m(u), n(u), equation (56) shows that there exists at most one solution for a(u) which satisfies both equations. If such an a(u) exists there will be one additional conformal symmetry only, which will be a non-special proper CKV if a ′′′ (u) = 0. By eliminating a(u) from equations (56) and (57) we arrive at a difficult differential equation connecting m(u) and n(u) which gives the condition to be satisfied in order for the spacetime to admit the additional conformal symmetry. As an example consider the case in which n(u)
We consider these in turn:
, σ is a constant and HKV
, σ is a constant and proper CKV
In all three cases the Lie brackets involving the extra CKV Y are
Let us consider the specialization to vacuum, in which case the metric function can be put in the form H = e g(u) ln |r|. Only SCKV can occur in a vacuum spacetime. In general there will be no further conformal symmetry. However, we can obtain SCKV of the form (13) with the choice
The function g(u) is given by
In general there will be only one extra such (not necessarily proper) SCKV. There are only two possibilities with an additional KV, H = K ln |r| and H = K(Θu + β) −2 ln |r| (the constant β can be transformed away), and in both cases they admit further CKV, i.e., H 4 ⊃ G 3 (isometry class 6 specialization) and S 4 ⊃ G 3 (isometry class 5 specialization) respectively, and these spacetimes are conformally related to one another, see section 4. These arise because some of the parameters ρ, α, β and Θ can be chosen in such a way as they do not appear in the function g(u) and so are arbitrary constants. 
(ii) H 3 ⊃ G 2 , α = 0, β arbitrary, α + Θ = 0, H = K(αu + β) q ln |r|, q = −(α + Θ)/α. For the case with Θ = 0 the HKV is of the form
and for the case with Θ = 0 the HKV is of the form
Regarding proper SCKV, if one makes the choice α = Θ and β = 0 then H = Ku −2 ln |r| and we have the S 4 ⊃ G 3 discussed above. Otherwise there is only S 3 ⊃ G 2 . There are no S 4 ⊃ H 3 ⊃ G 2 since they would necessarily be specializations of the H 3 ⊃ G 2 which admit no further CKV.
Isometry class 3
In this case the function H has the form H = u −2 W (s, t), where s = y sin φ − z cos φ, t = y cos φ + z sin φ, φ = ǫ ln |u| and ǫ is an arbitrary constant. We shall relabel c y (u), c z (u) as c 2 (u), c 3 (u), respectively. The general CKV takes the form
The condition (22) takes the form
If W is an arbitrary function then it follows that the only CKV which occur are the two KV already listed in [4] , i.e., k and
There are at least two class 3 spacetimes which admit further conformal symmetry, class Aii with C 5 ⊃ H 3 and dual spacetime D7i with S 4 ⊃ H 3 , see section 4.
Isometry class 4
In this case the function H has the form H = W (s, t), where φ = ǫu, ǫ is an arbitrary constant and the general CKV takes the form (61). The condition (22) takes the form (62). If W is an arbitrary function then it follows that the only CKV which occur are the two KV already listed in [4] , i.e., k and
There is at least one class 4 spacetime which admits further conformal symmetry, class Aiii with C 5 ⊃ H 3 , which corresponds to ǫ = 0, i.e., W (s, t) = W (−z, y) and X 2 = ∂ u .
Isometry class 5
In this case the function H has the form H = u −2 W (r). The condition (22), and exclusion of type O, gives c A (u) = 0 and
and the general CKV takes the form (54). If W is an arbitrary function then it follows immediately from (65) that the only CKV which occur are the three KV already listed in [4] , i.e., k and
Let us now consider restrictions on the functional form of W (r) which will give rise to additional CKV. The differential equation (65) can be written in the form
Differentiating (67) with respect to u gives
which, if f ′ (u) = 0, implies that W ,yy = W ,zz , W ,yz = 0, i.e., type O. Hence, we must have f , g and h constant to avoid type O. Put f = σ, g = ζ, h = ν, then equation (67) 
The differential equation (67) gives
where in equation (73) If σ = 2 then equations (72) and (73) imply that the only conformal symmetries are the three KVs k, X 2 and X 3 . If σ = −2 then (72) gives
where l is a constant, and equation (74) gives a ′′′ (u) = 0 = −2u −2 ν(l − Θ) and since ν = 0, we have a(u) = Θu and again the only conformal symmetries are the KVs above. If σ = 0 then (72) integrates to give
where l is a constant and equation (73) gives E(u) = −ζl ln |u| + m where m is a constant. From equations (74) and (76) we find a ′′′ (u) = 0 = −4lν/u, i.e., lν = 0. If l = 0 then only the three KV above exist, but if l = 0 and ν = 0, i.e., W (r) = ζ ln |r|, then in addition to the three KVs we have the proper SCKV
with ψ = u. The Lie brackets for the S 4 are
If σ = −2, 0, 2 then (72) integrates to give
where l is a constant. Substituting this into equation (74) gives ν = −(2 + σ)σ/(σ − 2) 2 , i.e.,
This spacetime admits a C 4 consisting of k, X 2 , X 3 and the proper CKV
where q = 4/(2 − σ). The Lie brackets are
In summary, the isometry class 5 spacetime of Petrov type N with metric
admits an S 4 ⊃ G 3 . The spacetimes with metric
where σ = −2, 0, 2 admit an C 4 ⊃ G 3 . All other isometry class 5 type N spacetimes admit only the G 3 .
Isometry class 6
In this case the function H has the form H = W (r). The condition (22), and exclusion of type O, again gives c A (u) = 0 and
and the general CKV takes the form (54). If W is an arbitrary function then it follows immediately from (83) that the only CKV which occur are the three KV already listed in [4] , i.e., k and
The differential equation (83), written in the form (67), gives equations identical to (69) to (71) and leads to
where, as previously, ζ = 0 in equation (86) (85) - (87) imply that Θ = 0, E ′ (u) = 0,
and H(r) = W (r) = νr 2 /4 + δr −2 . This is the special case of the class C solution of section 2 in which τ (u) = ν/4 is constant. If ν > 0, put ν = l 2 /2 and the differential equation integrates to give a(u) = a 0 + a 1 cos lu + a 2 sin lu ,
where a 1 , a 2 and a 0 are constants. In this case we have a C 5 , consisting of k, X 2 , X 3 and the two proper CKVs C 1 , C 2
For ν < 0, we put ν = −l 2 /2 and the differential equation integrates to give
where a 1 , a 2 and a 0 are constants. In this case we have a C 5 , consisting of k, X 2 , X 3 and the two proper CKV C 1 , C 2
If ν = 0, i.e., W (r) = δr −2 , the spacetime is that of class Civ of section 2 which admits the S 5 ⊃ H 4 ⊃ G 3 .
If σ = −2, equation (85) gives a ′ (u) = Θ = 0 and so only KV are possible. If σ = 0 equation (85) gives
where l is a constant. Equation (87) becomes a ′′′ (u) = 0 = 4νΘ. If Θ = 0 then only the three KV exist. However, if ν = 0 and Θ = 0 then W (r) = ζ ln |r|, in which case the spacetime admits an H 4 ⊃ G 3 consisting of k, X 2 and X 3 and the proper HKV
with ψ = 1 and Lie brackets
If σ = −2, 0, 2 then W (r) is given by equation (69) and equation (85) integrates to give
where l is a constant. Equation (87) then leads to ν(a ′ (u)−Θ) = 0. The case with ν = 0 and a ′ (u) = Θ admits only the three KVs and ν = 0 leads to an H 4 ⊃ G 3 consisting of the three KVs and the proper HKV
In summary, the isometry class 6 spacetimes of Petrov type N with metric
with ν = 0 admits a C 5 ⊃ G 3 . If ν = 0 the metric
The spacetime with metric
admits an H 4 ⊃ G 3 and the class of spacetimes with metric
with σ = −2, 0, 2 admits an H 4 ⊃ G 3 . All other isometry class 6 spacetimes admit only the G 3 .
Isometry class 7
In this case the function H has the form H = W (r) exp(2c θ), where y = r cos θ, z = r sin θ and c = 0 is a constant. Note that the coordinate transformation s = r sin(φ− θ), t = r cos(φ − θ), φ = −c −1 ln |u| gives H = u −2 W (s 2 + t 2 ) exp(−2c tan −1 (s/t)), i.e., the class 7 spacetimes are a special case of the class 3 spacetimes. The condition (22) leads to the following
and E ′ (u) = a ′′′ (u) = c A (u) = 0 and the general CKV takes the form (54). Thus the spacetime will only admit SCKV. If W is an arbitrary function then it follows immediately from (105) that the only CKV which occur are the three KV already listed in [4] , i.e., k and
If W (r) is not arbitrary, the differential equation (105) gives W (r) = δr −σ , where δ is a non-zero constant, and if σ = 2 then a ′ (u) = α is constant where σ is given by (2 − σ)α + (2 + σ)Θ = 4cγ. This leads to an H 4 with basis k, X 2 , X 3 and the proper HKV
Note that α = Θ otherwise Z degenerates into the KV X 3 . The Lie brackets are
When σ = 2 we find that Θ = cγ leading to an S 5 with basis k, X 2 , X 3 , proper HKV Z and proper SCKV S given by
The Lie brackets are
Hence the isometry class 7 spacetimes with metric
admits an H 4 ⊃ G 3 if σ = 2, or an S 5 ⊃ H 4 ⊃ G 3 if σ = 2. All other isometry class 7 spacetimes admit only the G 3 .
Isometry class 8
In this case the function H has the form H = W (s) exp(2δw), where s = ηz − σy, w = (ηy + σz) and δ = −ǫ/(η 2 + σ 2 ), where η, σ are constants such that η 2 + σ 2 = 0, and ǫ is a non-zero constant. Sippel and Goenner use the notation t = δw.
If W is an arbitrary function then it follows that the only CKV which occur are the three KV already listed in [4] . The Lie brackets of the three KVs k and
Further specialization is possible for ǫ = 0 only if H is of the form W (s) = K exp(cs) for some non-zero constants K and c. However, this corresponds to isometry class 9.
Isometry class 8 (ǫ = 0)
In this case the function H has the form H = W (s). We have a ′′′ (u) = 0. If W (s) is arbitrary then γ = c ′′ A (u) = 0 and we have a G 4 consisting of KVs k and
The G 3 subalgebra consisting of {k, X 3 , X 4 } is isomorphic to that of isometry class 1i. Further specialization is possible if γ = 0 and
where a(u) = ρu 2 + αu + β and ρ, α and β are arbitrary constants. Let us consider some examples. The restriction (−σc 2 (u) + ηc 3 (u)) = Θ = 0 leads to W (s) = Ks −2 with a S 6 ⊃ H 5 ⊃ G 4 , which is class Biv. The condition (−σc 2 (u) + ηc 3 (u)) = c, c being a non-zero constant, leads to W (s) = K exp(−2αs/c) with a G 5 , which is isometry class 9. There is an example with a H 5 ⊃ G 4 . The conditions ψ is constant and (−σc 2 (u) + ηc 3 (u)) = 0 lead to c 
Isometry class 9
This is a special case of isometry class 8, the function H having the form H = K exp 2[ηy − σz], where K, η and σ are constants, η 2 + σ 2 = 0. Condition (22) leads to the following equations, by equating coefficients of y 2 , z 2 , y, z, etc,
We find that the last two conditions demand that a ′ (u) = Θ and so ψ = γ = 0. Thus only KV's are possible in this spacetime. The G 5 consists of k and
and the Lie brackets are
Isometry class 10: plane wave spacetimes
We note that when the function H has the form
then (1) represents an Einstein-Maxwell spacetime and admits at least an H 6 . Such a spacetime is referred to as a plane wave spacetime. When A(u) = −C(u) the spacetime is vacuum and when A(u) = C(u) and B(u) = 0 the spacetime is conformally flat. Since the plane wave admits an H 6 we can put Θ = 0 since this parameter just corresponds to the addition of an HKV given by Z of equation (15) . Thus, we need only consider the proper CKV given by Table 4 . The conformal symmetry classes for the plane wave spacetimes. The quantities a, b, c, l, β, γ and ǫ are constants. Sippel and Goenner state that classes 11 and 13 cannot be vacuum, yet we obtain vacuum solutions by putting a + c = 0 in both cases. However, the latter are special cases of cases 12 and 14 respectively.
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with conformal scalar ψ = a ′ (u)/2. The condition (22) allows us to arrive at the following conclusions. Condition (22) leads to the following equations, by equating coefficients of y 2 , z 2 , yz, y, z respectively and functions of u only
Equations (120) and (121) 
i = 2, . . . , 5, and so we can put c A (u) = 0 for the remaining seventh CKV. Also, E = constant just corresponds to the addition of the KV k and so we shall put E = 0. Thus the most general CKV is given by
The Lie brackets of the seven CKV are
is a constant, and m is a constant. Equation (119) gives
which implies that the rhs of this equation must be a constant, and exclusion of type O gives A(u) − C(u) = 0. Substituting this equation into (117) and (118) we obtain
Subtracting (127) and (128) gives
which integrates to give
where L is an arbitrary constant. Adding (127) and (128) gives
Substituting (129) into (130) gives two conditions to be satisfied by the functions A(u), B(u), C(u) and their derivatives in order for a CKV to exist. We note that Classes 11-14 in table 4 admit an H 7 and so can admit no further symmetries. We present other examples of plane wave spacetimes admitting proper SCKV or non-special CKV.
Example (i)
The function H has the form
and c, β and γ are constants. The proper SCKV is
with conformal scalar ψ = u. This spacetime is vacuum iff l = 0.
Example (ii)
where m, n and p are constants. The corresponding proper SCKV is
Setting γ = 0 in (i) leads to classes of functions of H more restricted than permitted in (ii). This spacetime is vacuum iff m = −p.
The following are examples with non-special CKV. We substitute (129) into (130) and demand a ′′′ (u) = 0. Example (iii)
and the CKV and conformal scalar are
where α is a constant. Example (iv)
where α and β are constants. The CKV and conformal scalar are
Of course, every plane wave spacetime is conformally related to a vacuum plane wave spacetime [1] .
Conformally related pp-wave spacetimes
The transformation (44) in [14] also applies to general pp-wave spacetimes.
Theorem 3.
Given an arbitrary pp-wave spacetime (1) , then the conformally related spacetime
is also a pp-wave spacetime. The coordinate transformation
(where, with an abuse of notation, Ω(ū) is the function Ω(u) written in terms of the new coordinateū) allows us to put the metric (137) into the form of a pp-wave spacetime
The new metric functionH is given by
where H(ū,ȳ,z) is the function H(u, y, z) written in terms of the new coordinatesū,ȳ,z. 
The CKV of ds 2 become CKV of ds 2 with the same conformal Lie algebra, the conformal scalars being related byψ = (ln Ω) ,u Y u + ψ. Those CKV of ds 2 with Y u = 0 will have their conformal scalars unchanged, in particular the KV k will remain a KV for the new spacetime. Table 5 lists the possible conformal symmetry Lie algebras arising from this conformal process. The general equation for the new conformal scalar is
where Ω 2 (u)du = dū. We wish to solve for the functional form Ω(u) which will give particular conformal symmetries. To obtain an SCKV we requireā(ū) =ρū 2 +ᾱū +β, withρ,ᾱ,β constants. This gives (2ρū +ᾱ −Θ)/2 = a(u)(ln Ω(u)) ,u + (a ′ (u) − Θ)/2. In order to solve for Ω(u) we use the substitution Ω 2 (u)du = dū in the lhs. For the case of a proper SCKV we can differentiate with respect to u to get
Equation (142) is nonlinear in Ω(u). It is difficult to say anything in general about the solutions to this, even the number of independent solutions. However, it can be written in the form dω
where µ, ν are constants. For an HKV (not necessarily proper HKV) we do not need to do the differentiation, we just take (141) as it is to get
This last equation gives, for a(u) = 0 
If a further spacetime is formed by applying this conformal technique to ds 2 then in general this spacetime will not be the original spacetime ds 2 . However, if we choose Ω(u) = u −1 then any two conformally related spacetimes will be 'dual' to each other, i.e., repeated application of this conformal factor will just transform one spacetime into the other. In this case the coordinate transformation (138) reduces tō
The individual conformal scalars are related byψ = −u −1 Y u + ψ. We now consider these 'dual' spacetimes in detail. The conformal scalar corresponding to the general SCKV (13) isψ = βū − (α + Θ)/2 leading to an SCKV. It is straightforward to verify that each of the classes A, B, C and D in section 2, the new spacetimes are in the same class. We determine the new spacetimes and conformal symmetries corresponding to the isometry classes in section 3, and their specializations. We drop the bars on the coordinates. The dual spacetimes are listed in table 6.
Dual of isometry class 1i
The new dual spacetime also belongs to the same class, i.e., G 3 → G 3 . The vacuum condition implies type O and hence flatness.
Dual of isometry class 2
The new dual spacetime also belongs to the isometry class 2 and so the KV X 2 (55) remains a KV for the new spacetime, i.e., G 2 → G 2 . The duals of the vacuum spacetimes are also vacuum.
Dual of isometry class 3
The new function is H = W (u −1 s, u −1 t), s = y sin φ − z cos φ, t = y cos φ + z sin φ, φ = −ǫ ln | − u|. The KV X 2 (63) becomes an HKV given by
in the new spacetime and so we have G 2 → H 2 , i.e., the dual spacetime is of isometry class 1 admitting a proper HKV.
Dual of isometry class 4
The new function is
The KV X 2 (64) becomes an SCKV given by
in the new spacetime and so we have G 2 → S 2 , i.e., the dual spacetime is of isometry class 1 admitting a proper SCKV.
Dual of isometry class 5
The new function is H = W (u −1 r). The KV X 3 in (66) is unchanged and the KV X 2 in (66) becomes an HKV given by
in the new spacetime. Thus we have G 3 → H 3 and the dual spacetime is of isometry class 2 admitting a proper HKV. For the S 4 specialization given by equation (81) the new metric function is given by H = ζ ln | − u −1 r| and the coordinate transformationv = v − ζu(ln | − u| − 1) transforms H into H = ζ ln |r|, which is the class 6 metric specialization (103). The SCKV S (77) becomes the KV
while X 2 becomes the HKV Z in (98). Thus we have S 4 → H 4 . For the C 4 specialization given by (82) the new function is given by
and the non-special proper CKV becomes the non-special proper CKV
and we have C 4 → C 4 ⊃ H 3 . The dual spacetime is an isometry class 2 specialization.
Dual of isometry class 6
The new function is H = u −2 W (u −1 r) and in general is an isometry class 2 spacetime. The KV X 3 in (84) is unchanged, and the KV X 2 in (84) becomes an SCKV 
The CKV (94) and (95) become the non-special proper CKV 
For the S 5 specialization given by (102) the new function is identical to the original and the SCKV S and the KV X 2 transform into each other. For the H 4 specialization given by (103) the new function is H = ζu −2 ln | − u −1 r| and the coordinate transformation v = v + ζu −2 ln | − u| transforms the dual metric into the isometry class 5 specialization (81). Thus the spacetimes with metrics (81) and (103) are duals of each other.
For the H 4 specialization given by (104) the new function is H = δ(−u) σ−2 r −σ . The HKV Z given by (100) gives rise to the HKV − 2Z = (σ + 2)u∂ u + (σ − 2)v∂ v + σr∂ r .
The dual spacetime is an isometry class 2 specialization with S 4 ⊃ H 3 .
Dual of isometry class 7
The new function is H = u −2 W (u −1 r)e 2cθ . The KV X 2 in (106) becomes an SCKV given by
and KV X 3 in (106) becomes an HKV given by
Thus we have G 3 → S 3 ⊃ H 2 , i.e., in general the dual spacetime is an isometry class 1 specialization.
For the H 4 specialization the new function is given by
The HKV X 3 − ǫZ becomes the KV The dual spacetime admits S 5 ⊃ H 4 .
Dual of isometry class 10
The new dual spacetime also belongs to the isometry class 10 and the four KVs X i in (123) remain KVs and Z remains an HKV in the new spacetime. See reference [14] for details.
Conclusions
Given a particular isometry class one can in most instances say whether any other conformal symmetries are possible, and one can certainly put an upper limit on the dimension of C: For a general spacetime the dimension of S is at most one greater than the dimension H and the maximum number of proper non-special conformal Killing vectors in a type N pp-wave spacetime is three.
We have identified three additional isometry classes not appearing in [4] and, since we do not impose the vacuum condition from the outset, we have obtained spacetimes with conformal symmetries more general than in [9] . The new isometry classes are class 1i (G 3 ) and class 8(ǫ = 0) (G 4 ) and their specializations. Table 5 contains possibilities for further new isometry classes. However, these may correspond to known isometry classes, either as they stand or under an appropriate coordinate transformation.
It is unknown whether there are any further spacetimes admitting the maximum number of three non-special CKV, other than classes A, B and C in section 2. However, we believe this to be unlikely. It is unknown whether the specializations of isometry class 2 (in sections 2 and 3), class 3 (in sections 2, 3 and 4) and class 4 (in sections 2 and 3) are the only possibilities.
